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Question 1.1

Let A be a Gorenstein ring with dim A > 0. How many non-principal ideals / of A
such that hta/ =1 and A/ is Gorenstein exist?

Let

@ (A,m) a CM local ring with d =dimA >0

@ [/ an m-primary ideal of A.
Recall that
I'is Ulrich €< (1) gr/(A) = @, I"/1™" is CM with a(gr,(A)) =1 —d

(2) 1/1%is A/I—fr;e. (Goto-Ozeki-Takahashi-Watanabe-Yoshida)
When / contains a parameter ideal Q as a reduction (i.e., /"1 = QI" for 3r > 0),
l'is Ulrich <= | #Q, 1> =QI, and I/Q is A/I-free

because of 0 — Q/QI — 1/1> = 1/Q — 0.
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Then 1/Q = (A/1®("=9) where n = (/). Hence
(n—d)-x(A/l) =ra(l/Q) < r(A/Q) = r(A)

so that d +1 < pa(l) < d +r(A).

Fact 1.2 (GOTWY, Goto-Takahashi-T)

A is Gorenstein <= pa(l) =d+1 and A/l is Gorenstein

provided that Ulrich ideal | exists.

Question 1.3

Let R = k[H] be a semigroup ring of a numerical semigroup H over a field k.
Suppose R is Gorenstein. Can we estimate

#{I'| | is a graded ideal of R, R/l is Gorenstein, and ug(/) > 2}?
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. Main theorem

o N={neZ|n>0}

@ H a numerical semigroup, i.e., a submonoid of N with #(N\ H) < co

® ¢(H)=min{n € Z| me H for Vm € Z with m > n}

@ k afield

@ R = k[H] = k[t" | h € H] C k[t]

@ Xgr ={/|/is a graded ideal of R, R/I is Gorenstein, and ug(/) > 2}
Note that

@ Ris a CM graded domain with dimR =1, a(R) = ¢(H) — 1, and R = k|[t].
@ R is Gorenstein <= H is symmetric (Herzog-Kunz)

& #{ne H|n<c(H)}=#(N\H)

= #(N\H) =G,
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Recall Xr = {/ | | is a graded ideal of R, R/l is Gorenstein, and pg(/) > 2}.
Note that a = a(R) # a(R/!) for VI € Xg.

Theorem 2.1 (Main theorem)

Suppose that R is Gorenstein. Then the following assertions hold true.

(1) N\H &% {IeXr|a(R/I)<a}, m— R gt

(2) {I € Xr|a(R/I)>a} &5 {I € Xg|a(R/I) < a}, | — ta=2(R/D].
(3) Xr={R:rt™, t™(R:gt™) | me N\ H}.

In particular, #Xr = c(H).

Remark 2.2

There exists a one-dimensional local Gorenstein numerical semigroup ring A with
infinite residue class field (e.g., Q[[t3,t"]], C[[t*, %, t°]]) admitting infinitely
many two-generated Ulrich ideals.
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2. Main theorem

Let
@ (A, m) a Gorenstein complete local domain with dimA =1s.t. A/mis
algebraically closed

@ v(A) = {o(f) | 0 # f € A} the value semigroup of A
@ n the maximal ideal of the DVR A.

For V¢ € Z, we set F; =n‘NA. Then F = {F¢}eez is a filtration of ideals in A.
Define
G =G(F) =P Fu/Frr = (A/m)[v(A)]

>0

because, for each £ >0, G, # (0) if and only if £ € v(A).

Corollary 2.3
The equality

#{l| | is a graded ideal of G, G/l is Gorenstein, and pug(l) > 2} = c(v(A))
holds.
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Theorem 2.1 (Main theorem)

If R = k[H] is Gorenstein, then Xgp = {R :g t™, t™(R :g t™) | m € N\ H}.
Example 3.1
(1) Let H=(2,2¢+1) (¢ >1). Then ¢(H) =2/, and
Xr = {(£3, 20, (¢4, (20, L (2%, 124, 0] 1
(12641 ¢40) (£2641 ¢40-2) | (gReHL g2te2yy 2|3
4 | 5

Indeed, since N\ H = {1,3,5,...,2¢ — 1}, we have

R ‘R t2£71 _ (t2, t2£+1), t2£71(R ‘R t2€71) _ (t24+1, t4£)

R o t2€—3 — (t4, t2l+1)7 t2€—3(R o= t2£—3) _ (t2£+1, t4€—

Rirt = (% 2, t(R g t) = (21, 242).

2
) 20—220—1

20 |20+1
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Example 3.2 |
(2) Let H=(3,4). Then ¢(H) =6 and

Xr = {(t3v t4)a (t4a t6)7 (t37 tS)’ (t87 tg)v (tev t8)7 (t4a tg)}'
(3) Let H = (3,5). Then c(H) =8 and
XR — {(t.37 t5)7 (t_57 t‘6), (t3, t10)7 (t.57 t9)7 (tlo, t12), (t9’ t10)7 (1_;57 t12)’ (tﬁ, th)}'

(4) Let H=(n,n+1,...,2n—2) (n>4). Then ¢(H) = 2n and

_ {(t tn+1 o t2"72), (tn+1, t"+2, e t2n727 t2n)}

U {(t", t"+1 LML L 2y 11 << n—2}

U {(t3n 1 ”7t4n—3)7(t2n7t2n+17'”7t3n—37t3n—1)}

U {(t2n i— 1 2n i ”.’t2n727t2n,”.’t3n7i73) | 1<i< n72}.
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Thank you for your attention.
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